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In the present paper, a novel analytical approximation technique has been proposed based on the energy
balance method (EBM) to obtain approximate periodic solutions for the focus generalized highly nonlin-
ear oscillators. The expressions of the natural frequency-amplitude relationship are obtained using a
novel analytical way. The accuracy of the proposed method is investigated on three benchmark oscilla-
tory problems, namely, the simple relativistic oscillator, the stretched elastic wire oscillator (with a mass
attached to its midpoint) and the Duffing-relativistic oscillator. For an initial oscillation amplitude
A0 = 100, the maximal relative errors of natural frequency found in three oscillators are 2.1637%,
0.0001% and 1.201%, respectively, which are much lower than the errors found using the existing meth-
ods. It is highly remarkable that an excellent accuracy of the approximate natural frequency has been
found which is valid for the whole range of large values of oscillation amplitude as compared with the
exact ones. Very simple solution procedure and high accuracy that is found in three benchmark problems
reveal the novelty, reliability and wider applicability of the proposed analytical approximation technique.
 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
Recently, the swift development of nonlinear dynamics, many
researchers continuously invest their time and effort in the field
of vibration analysis because this issue is very applicable in
dynamics of structures, free and forced vibrations and vibration
of elastic plates have been published [1–3]. In quantummechanics,
varieties of physical problems govern mathematically take the
form of the relativistic differential equation. The oscillation of
massless cables with an attached midpoint mass and the motion
of an orbital dynamical system consisting of an elastic cable with
as attached mass connected to a nonlinear spring are two bench-
mark examples in the classical mechanics. In general, analytical
solutions of such highly nonlinear oscillators do not always exist
and hence most of the researchers have used either approximate
techniques or numerical methods and also to obtain the natural
frequencies. A few nonlinear systems can be solved explicitly and
numerical methods especially the most well-known Runge–Kuttafourth order method are frequently used to calculated approximate
solutions. However, the class of stiff differential equations and
chaotic differential equations, the numerical schemes do not
always give accurate results, which present a big challenge to
numerical analysis. In this situation, many researchers have shown
an intensifying interest in the field of analytical approximate tech-
niques. Most of the widely used analytical technique for solving
nonlinear differential equations associated with oscillatory sys-
tems is the Perturbation Method [4,5], which is the most versatile
tools available in nonlinear analysis of engineering problems, and
they are constantly being developed and applied to ever more
complex problems. However, the standard perturbation methods
have many limitations, and they do not yield for highly nonlinear
equations.
As a result, to overcome the limitation of standard perturbation
technique, a large variety of new analytical approximate tech-
niques including Optimal Homotopy Asymptotic Method [6],
Homotopy Perturbation Method [7–9], Modified Homotopy Pertur-
bation Method [10], Modified He’s Homotopy Perturbation Method
[11,12], He’s Modified Lindsted-Poincare Method [13], Parameter-
ized Perturbation Method [14] commonly used to solve nonlinear
systems especially for highly nonlinear oscillators.
Nomenclature
A0 initial oscillation amplitude
x dimensionless displacement
J(X) variational principle
T period of oscillation
I constant parameter
n positive integer
f general nonlinear operator
F general nonlinear function
t time
H ,R(t) Hamiltonian
b1; b3; . . . constant parameters
m,p positive constants
Greek symbols
p Pi
a positive constant
x natural frequency
k constant coefficient parameter
u any angle
e,c constant coefficient parameters
x0 constant coefficient parameter
List of Abbreviations
EBM Energy Balance Method
MEBM Modified Energy Balance Method
HFAF He’s Frequency-Amplitude Formulation
HEBM He’s Energy Balance Method
HBM Harmonic Balance Method
HVAM He’s Variational Approaches Method
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Max–Min Approach Method [15], Elliptic Balance Method [16], Dif-
ferential Transformation Method [17], Algebraic Method [18],
Rational Energy Balance Method [19], He’s Frequency-Amplitude
Formulation Method [20–22], Iteration Method [23], Variational
Approach Method [24–26], Harmonic Balance Method [27–37],
Rational Harmonic Balance Method [38] have been paid much
attention to determined approximate periodic solutions of highly
nonlinear oscillatory problems.
The Energy Balance Method (EBM) and He’s Energy Balance
Method (HEBM) [39–46] are another technique for solving highly
nonlinear oscillators. In fact, to the best of our knowledge, there
is no clear idea to obtain higher-order approximation solutions in
HEBM. Moreover, only first-order approximation has been consid-
ered which does not lead much better accuracy. In this study, the
approximate periodic solutions for the simple relativistic oscillator,
the stretched elastic wire oscillator (with a mass attached to its
midpoint) and the Duffing-relativistic oscillator are studied
employing modified energy balance method (MEBM). The pro-
posed technique gives much better results than the already pub-
lished EBM, HEBM and other previously existing methods.
Considering the solution procedure and obtained results, the pro-
posed technique not only provides accurate results but also it is
more convenient and efficient for solving more complex nonlinear
oscillatory problems. High accuracy, simple solution procedure and
computational efficiency are the advantages of the proposed
method.Solution approaches
The basic idea of He’s energy balance method
Let us consider a general nonlinear oscillator [42–45] is in the
following form
€x ¼ f ; with initial condition xð0Þ ¼ A0; _xð0Þ ¼ 0; ð1Þ
where x and t are represent dimensionless displacement and time
variables respectively and f ¼ f ðx; _xÞ:
The variational principle of Eq. (1) can be easily obtained as
follows
JðxÞ ¼
Z t
0
1
2
_x2 þ FðxÞ
 
dt ð2Þ
where FðxÞ ¼ R f ðx; _xÞdx.Its Hamiltonian can be written in the following form
H ¼ 1
2
_x2 þ FðxÞ ¼ FðA0Þ ð3Þ
or
RðtÞ ¼ 1
2
_x2 þ FðxÞ  FðA0Þ ¼ 0 ð4Þ
The following trial solution utilized to obtain the natural
frequency
x ¼ A0 cosðxtÞ ð5Þ
Substituting Eq. (5) into Eq. (4), the following residual equation
is reduced as
RðtÞ ¼ 1
2
A20x
2 sin2ðxtÞ þ FðA0 cosðxtÞÞ  FðA0Þ ¼ 0 ð6Þ
Since Eq. (5) in only an approximation to the exact solution, Eq.
(6) cannot be made zero everywhere. Collocation at xt ¼ p4 gives
xðA0Þ ¼ 2A0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
FðA0Þ  F A0ﬃﬃﬃ
2
p
 s
ð7Þ
Its period can be determined by using the relation T ¼ 2px as
T ¼ 2p
2
A0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
FðA0Þ  F A0ﬃﬃ2p
 r : ð8ÞThe modified energy balance method
Here, the periodic trial solution of Eq. (1) is in the form
x ¼ A0 cosðxtÞ ð9Þ
where A0 is an initial oscillation amplitude and x is the unknown
natural frequency which is further to be determined.
Substituting Eq. (9) into Eq. (4) and expanding it in a Fourier
series expansion as
1
2
_x2 þ FðxÞ  FðA0Þ ¼ b1 cosðxtÞ þ b3 cosð3xtÞ þ b5 cosð5xtÞ þ . . .
ð10Þ
where b1; b3 ; . . . will be calculated by using the following
integration
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Z p=2
0
1
2
_x2 þ FðxÞ  FðA0Þ
 
cos½ð2nþ 1Þ/d/;
n ¼ 0; 1; 2; 3;    ð11Þ
setting / ¼ x t.
Substituting Eq. (9) into Eq. (11), the coefficients b1; b3; . . . are
determined. Finally, substituting b1; b3 ; . . . into Eq. (10) and then
equating the coefficients of cosðxtÞ, a set of nonlinear algebraic
equations is obtained whose solution provides the unknown natu-
ral frequency, x in terms of oscillation amplitude A0. This com-
pletes the determination of the related unknown for the
proposed periodic solution given in Eq. (9).Problem descriptions
The focused generalized nonlinear oscillator, which is a diverse
range of applications in nonlinear sciences and engineering as
€xþx0xþ ex jxja1 þ cx
m1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xm þ lp ¼ 0; a > 0; m ¼ 2p ð12Þ
Case I: If x0 ¼ e ¼ 0; l ¼ p ¼ c ¼ 1, Eq. (12) represents the gov-
erning equation of simple relativistic oscillator [22,29,41] is as
follows
€xþ xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2p ¼ 0; ð13Þ
where the double dot denotes differentiation with respect to time t.
Case II: If e ¼ 0; l ¼ p ¼ x0 ¼ 1; c ¼ k, the schematic represen-
tation of Eq. (12) represents the massless cables with an attachedFig. 2. Geometric represen
Fig. 1. Geometric structmidpoint mass is illustrated in Fig. 1 and the governing equation
of the problem [21,24,41] is as follows
€xþ x kxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2p ¼ 0; ð14Þ
where the double dot denotes differentiation with respect to time t.
Case III: If e ¼ x0 ¼ 1; a ¼ 3; c ¼ k; l ¼ p ¼ 1, the schematic
view of Eq. (12) represents the motion of a dynamical system con-
sisting of an elastic cable with as attached mass connected to a
nonlinear spring as illustrated in Fig. 2 and the governing equation
of the problem [41] is as follows
€xþ xþ x3  kxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2p ¼ 0; ð15Þ
where the double dot denotes differentiation with respect to time t.
Application of highly nonlinear system
In this section, three well-known examples will be solved to
illustrate the accuracy, efficiency and its wider applicability of
the proposed method.
Simple relativistic oscillator
The variational and Hamiltonian formulations of Eq. (13) can be
obtained as
JðxÞ ¼
Z t
0
1
2
_x2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2
p 
dt ð16Þtation of the problem.
ure of the problem.
Table 1
Comparing approximate natural frequencies between previously existing and the
corresponding exact frequencies for different values of initial amplitude A0.
A0 xex x½41HEBM
Er(%)
xMEBM
Er(%)
0.01 1.00000709069309 0.99998125091398 0.999982500864
0.002584 0.002458
0.1 0.99841743826764 0.99813412403702 0.998258593267
0.028384 0.015909
1.0 0.87259884397289 0.8705600289044 0.879142988286
0.234195 0.749960
10.0 0.34911884082471 0.34108340285496 0.356708356999
2.355857 2.173906
100.0 0.11106242810437 0.10823539354954 0.113465491369
2.611931 2.163704
Note: In Table 1, xMEBM represents first-order approximate natural frequency
obtained by MHBM. xex represents exact frequency which is stated in [41]. x
½41
HEBM
indicates the approximate natural frequency obtained previously in [41]. Erð%Þ
denotes percentage error which has been calculated by the relation
xðA0ÞxeðA0Þ
xe ðA0Þ
			 			 100.
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2
_x2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2
p
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q
ð17Þ
RðtÞ ¼ 1
2
_x2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q
¼ 0 ð18Þ
Using Eq. (9) into Eq. (18) and then substitute into Eq. (11),
b1; b3 ; . . . are obtained. Finally, substituting b1; b3 ; . . . into Eq.
(10), then equating the coefficient of cosðx tÞ equal to zero, the
first-order natural frequency is obtained as
xðA0Þ ¼ 1A0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q
 3 1þ 1
A0
ð1þ A20ÞArcTanðA0Þ
 s
ð19Þ
Therefore, the first-order approximation solution of Eq. (13) is
Eq. (9) where x is given by Eq. (19). And using the elliptic integral
(See [41] for details), the exact natural frequency is
xexðA0Þ ¼ 2p
4
R A0
0
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
A20þ1
p

ﬃﬃﬃﬃﬃﬃﬃﬃ
x2þ1
p q ð20Þ
In Comparison the approximation solutions obtained by the
proposed method with corresponding exact results are shown in
Fig. 3. In Table 1, the approximate natural frequencies as well as
relative errors have been compared with previously existing and
the corresponding exact frequencies using different values of ini-
tial amplitude A0.
Relative errors have been calculated by the proposed method
and already published results are shown in Fig. 4. It is highly note-
worthy that the method proposed in this study yields excellent
agreement and much better than those previously existing meth-
ods like harmonic balance method (HBM) [29], He’s frequency-
amplitude formulation (HFAF) [22], He’s energy balance method
(HEBM) [41].
The approximate natural frequencies have been already
obtained by the HBM [29] and also by the HFAF [22]. Interestingly,
both the methods give same mathematical expression for the
frequency-amplitude relationship as0 0.1 0.2 0.3 0.4 0
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
X/
A
Fig. 3. The comparison between approximate solutions of Eq. (13xHBMðA0Þ ¼ 1þ 34A
2
0
  14
ð21Þ
xHFAFðA0Þ ¼ 1þ 34A
2
0
  14
ð22ÞStretched elastic wire with a mass attached to its midpoint
Using the same mathematical manipulation as stated above (as
discussed in Section ‘‘Simple relativistic oscillator”) the approxi-
mate natural frequency of Eq. (14) is obtained as
xðA0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1
A20
3k 6k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q
þ 3k
A0
ð1þ A20ÞArcTanðA0Þ
 s
ð23Þ.5 0.6 0.7 0.8 0.9 1
h
Exact
MEBM
) for A0 ¼ 1000 together with corresponding exact solutions.
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Fig. 5. The comparison between approximate solutions of Eq. (14) for A0 ¼ 1000 and k ¼ 1 together with corresponding exact solutions.
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Fig. 4. Comparison relative error (%) between MEBM with already published several methods.
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Eq. (9) where x is given by Eq. (23). The exact natural frequency
is estimated as
xexðA0Þ ¼ 2p
4
R A0
0
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA20x2Þ2kð
ﬃﬃﬃﬃﬃﬃﬃﬃ
A20þ1
p

ﬃﬃﬃﬃﬃﬃﬃﬃ
x2þ1
p
Þ
p ; ð24Þ
which is stated details in [41].The approximation periodic solutions and phase plane trajec-
tory are acquired for different initial conditions and are shown
in Figs. 5 and 6. In Fig. 7, the relative errors have been shown
for the large values of initial amplitude A0 and nonlinearity powers
k ¼ 0:75. Using different values of k and A0, the exact and approx-
imate natural frequencies are listed in Tables 2 to 5. Comparison of
relative errors with several previously existing methods are listed
in Table 6 and it is highly remarkable that the accuracy of the
proposed method is higher in the whole range of initial amplitude
x
-100 -80 -60 -40 -20 0 20 40 60 80 100
dx
/d
t
-100
-80
-60
-40
-20
0
20
40
60
80
100
Exact, A0=100
MEBM, A0=100
Fig. 6. Phase plane trajectories of Eq. (14) for k ¼ 1.
0 10 20 30 40 50 60 70 80 90 100
A0
0
0.2
0.4
0.6
0.8
1
R
el
at
iv
e 
Er
ro
r (
%
)
MEBM
HEBM
Fig. 7. Comparison relative error (%) between MEBM and HEBM for k ¼ 0:75.
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are very close to the exact solutions and much better than those
obtained previously by several authors.
The approximate natural frequencies are already obtained of Eq.
(14) in [21] and [24] by using He’s frequency-amplitude formula-
tion (HFAF) and He’s variational approaches method (HVAM)
which are given respectively by
xHFAF ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
2
1þ 45A20
vuut ð25ÞxHVAM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR p
2
0 cos2 t  k cos2 tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þA20 sin2 t
p
 !
dt
R p
2
0 sin
2 t dt
vuuuuut ð26ÞDuffing-relativistic oscillator
By utilizing same mathematical procedure (as discussed in Sec-
tion ‘‘Simple relativistic oscillator”), the natural frequency-
amplitude relationship of Eq. (15) is as follows
Table 2
Comparing approximate natural frequencies between previously existing and the
corresponding exact frequencies for A0 ¼ 1 and different values k.
kðA0 ¼ 1Þ xex x½41HEBM
Erð%Þ
xMEBM
Erð%Þ
0.1 0.961093139286 0.961359726433 0.960578346942
0.027730 0.053563
0.3 0.878068544683 0.878998049384 0.876431561414
0.105745 0.186430
0.5 0.786167056259 0.788075261657 0.783296752880
0.242134 0.365100
0.7 0.681623314335 0.685191699637 0.677477176222
0.520786 0.608274
0.9 0.561346653629 0.563837487638 0.551721710223
1.269659 1.714616
0.99 0.489042560254 0.499703896035 0.484599350066
2.133530 0.908552
Table 5
Comparing approximate natural frequencies between previously existing and the
corresponding exact frequencies for A0 ¼ 1000 and different values k.
kðA0 ¼ 1000Þ xex x½41HEBM
Er(%)
xMEBM
Er(%)
0.1 0.999927147550 0.999941419681 0.999935617461
0.001427 0.000847
0.3 0.999799809419 0.999824248748 0.999806839948
0.002444 0.000703
0.5 0.999672452771 0.999707064082 0.999678045845
0.003462 0.000559
0.7 0.999545077595 0.999589865678 0.999549235147
0.004480 0.000415
0.9 0.999417683882 0.999472653531 0.999420407847
0.005499 0.000272
0.99 0.999360350661 0.999414042303 0.999362430144
0.005958 0.000208
Note: In Tables 2 to 5, xMEBM represents first-order approximate natural frequency
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Comparing approximate natural frequencies between previously existing and the
corresponding exact frequencies for A0 ¼ 10 and different values k.
kðA0 ¼ 10Þ xex x½41HEBM
Er(%)
xMEBM
Er(%)
0.1 0.993706732615 0.994166088352 0.993617589822
0.046205 0.008970
0.3 0.980996080589 0.982394337162 0.980728170500
0.142331 0.027310
0.5 0.968096131089 0.970479807182 0.967667078092
0.245618 0.044319
0.7 0.954997041825 0.958417173577 0.954427264715
0.356852 0.059662
0.9 0.941688410509 0.946200772070 0.941001186631
0.415184 0.072977
0.99 0.935627762138 0.940651631144 0.934896548590
0.534083 0.078152
Table 4
Comparing approximate natural frequencies between previously existing and the
corresponding exact frequencies for A0 ¼ 100 and different values k.
kðA0 ¼ 100Þ xex x½41HEBM
Er(%)
xMEBM
Er(%)
0.1 0.999354893541 0.999414083329 0.999356071791
0.005922 0.000117
0.3 0.998080288401 0.998241218280 0.998066969035
0.016121 0.001334
0.5 0.996803821628 0.997066973573 0.996776199121
0.026392 0.002771
0.7 0.995525483959 0.995891344328 0.995483755561
0.036736 0.004191
0.9 0.994245266050 0.994714325635 0.994189631831
0.047155 0.005595
0.99 1.002570016538 0.994125293704 0.993606726248
0.842307 0.894031
obtained by MHBM. xex represents exact frequency which is stated in [41]. x
½41
HEBM
indicates the approximate natural frequency obtained previously in [41]. Erð%Þ
denotes percentage error which has been calculated by the relation
xðA0ÞxeðA0Þ
xeðA0Þ
			 			 100.
Table 6
Comparing approximate relative errors between previously existing results and the
corresponding exact ones for different values A0 and k.
ðA0; k Þ RE½41HEBM RE½24HVAM RE½21HFAF REMEBM
(1, 0.1) 0.027730 2.81 3.758763 0.053563
(1, 0.5) 0.242134 2.70 18.036073 0.365100
(10, 0.1) 0.046205 2.82 0.627100 0.008970
(10, 0.5) 0.245618 2.79 3.135997 0.044319
(100, 0.1) 0.005922 2.75 0.064489 0.000117
(100, 0.5) 0.026392 2.82 0.319075 0.002771
Note: In Table 6, REMEBM represents relative errors obtained by MHBM. RE
½41
HEBM ,
RE½24HVAM , RE
½21
HFAF , represent relative errors obtained by several authors using already
published methods.xðA0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1
A20
7A40
10
þ3k6k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þA20
q
þ 3k
A0
ð1þA20ÞArcTanðA0Þ
 !vuut
ð27Þ
Therefore, the first-order approximation solution of Eq. (15) is
Eq. (9) where x is given by Eq. (27). The exact natural frequency
is estimated asxexðA0Þ ¼ 2p
4
R ;A0
0
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA20x2Þþ12ðA
4
0x4Þ2kð
ﬃﬃﬃﬃﬃﬃﬃﬃ
A20þ1
p

ﬃﬃﬃﬃﬃﬃﬃﬃ
x2þ1
p
Þ
q ; ð28Þ
which is stated details in [41].
Comparison of the approximation periodic solutions of the
Duffing-relativistic oscillator with corresponding exact solutions
is shown in Fig. 8 and approximate natural frequencies for different
values of k and A0 are listed in Table 7. Employing the proposed
method, the accuracy of the approximation solutions guaranteed
us its reliability and gives excellent agreement even for large val-
ues of initial amplitude A0.Conclusion
A novel analytical approximation technique based on the EBM
has been applied to determine approximate periodic solutions of
the simple relativistic oscillator, the stretched elastic wire oscil-
lator (with a mass attached to its midpoint) and the Duffing-
relativistic oscillator. In all these problems, the approximate
results obtained using the proposed technique show much better
agreement with the corresponding exact solutions than the
results of the other existing techniques. High accuracy of the
approximate solutions obtained from these problems reveals
the versatility of the proposed technique in solving highly non-
linear problems. Analytical simplicity, computational efficiency
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Fig. 8. The comparison between approximate solutions of Eq. (15) for A0 ¼ 10 and k ¼ 0:5 together with corresponding exact solutions.
Table 7
Comparing approximate natural frequencies between previously existing and the
corresponding exact frequencies for different values A0 and k.
ðA0; kÞ xex x½41HEBM
Er(%)
xMEBM
Er(%)
(1, 0.1) 1.287987272121 1.293913646116 1.273856648377
0.458019 1.097108
(1, 0.5) 1.160519991618 1.170923831014 1.146103748826
0.888515 1.242222
(10, 0.1) 8.532144866666 8.717130617997 8.425394703799
2.122094 1.251152
(10, 0.5) 8.528855664203 8.714461030732 8.422373749366
2.129854 1.248490
(100, 0.1) 84.689205342571 86.608306925548 83.671970889648
2.215840 1.201138
(100, 0.5) 84.689171498538 86.608279872941 83.671940116093
2.215848 1.201135
Note: In Table 7, xMEBM represents first-order approximate natural frequency
obtained by MHBM. xex represents exact frequency which is stated in [41]. x
½41
HEBM
indicates the approximate natural frequency obtained previously in [41]. Erð%Þ
denotes percentage error which has been calculated by the relation
xðA0ÞxeðA0Þ
xeðA0Þ
			 			 100.
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tages of this method. All this allows us to concluded that the
proposed technique is a better and efficient alternative than
the existing ones for approximating solutions for highly nonlin-
ear problems.Acknowledgement
The authors would like to acknowledge the financial supports
received from the International Islamic University Malaysia, Min-
istry of higher education Malaysia through the research grant
FRGS-14-143-0384.Appendix A
Mathematica software has been used for calculation. Based on
this software, the sample program codes using in this paper are
given bellow:
In the simple relativistic oscillator (See Section ‘‘Simple rela-
tivistic oscillator”), the sample program code is
x ¼ A0 cosðxtÞ;
_x ¼ A0x sinðxtÞ;
4
p
Z p=2
0
1
2
_x2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q 
cosðxtÞdt
For the stretched elastic wire with a mass attached to its mid-
point (See Section ‘‘Stretched elastic wire with a mass attached
to its midpoint”), the using sample program code is
x ¼ A0 cosðxtÞ;
_x ¼ A0x sinðxtÞ;
4
p
Z p=2
0
1
2
_x2 þ 1
2
x2  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2
p
 1
2
A20 þ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q 
cosðxtÞdt
For the Duffing-relativistic oscillator (See Section ‘‘Duffing-rela
tivistic oscillator”), the following sample program has been used
x ¼ A0 cosðxtÞ;
_x ¼ A0x sinðxtÞ;
4
p
Z p=2
0
1
2
_x2 þ 1
2
x2 þ 1
4
x4  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ x2
p
 1
2
A20 
1
4
A40 þ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A20
q 
 cosðxtÞdt
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The flow chart of the proposed method is as follows:
Excellent accuracy has 
been found as comparing 
with corresponding exact 
solutions and previously 
existing results 
Simple relativistic 
oscillator 
Apply proposed MEBM on 
Define problems 
Problems Selection 
Basic Idea of EBM 
EBM  
Modified EBM 
Stretched elastic wire with a 
mass attached to its midpoint 
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